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DEDICATED TO THE MEMORY OF YITZ HERSTEIN 
Let k bc the ficid of q elements. Then t e ~~rnber of nilpotent n by 19 
matrices with entries in k is a power of q 
n* - n. This very pretty result was proved by Ritz in c~~la~~rat~o~ with 
Nat Fine [l]. The proof involved a sum n over all ~artit~~~s of n. T 
rather complicated computation was ave in proofs ~r~rn~t~y furn 
by Reiner [4] and by Gerstenhaber Still another proof vvi 
sketched at the end of this paper. 
Any nilpotent matrix has trace 0. So there is 
sideration to the n by n matrices of trace 
algebra, at least if n is not divisible by the c 
n2 - n is identifiable as the dimension of this Li 
nsion being n2 - 1 and the rank n- 1. 
far result holds for any simple Lie alge 
For the A-G algebras, i.e., the analogues of the simple Lie algebras -n 
characteristic 0, this has been investigate The results are affirmative, 
xcept that certain “bad” primes have not yet been maste irst, stein- 
erg [6] proved the analogous result for the unipotent nts of the 
corresponding algebraic groups. Then Springer ES ] tram the resuIts 
to the Lie algebras. (I am indebted to Robert Steinberg for this refe 
That leaves the additional simple Lie algebras that one has in 
teristic p9 beginning with the Witt algebra. 
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2. THE WITT ALGEBRA 
I take the Witt algebra in its realization as the Lie algebra of derivations 
of k[x], 2’ = 0. We then have the expected result. (The dimension is p and 
the rank 1, so that the dimension minus the rank is p- 1.) 
THEOREM. Let k be the field of q elements, where q is a power qf p. Let A 
be the (commutatice associatice) algebra gicen bl* k[x] w.ith xp = 0. Then A 
has qpmm I nilpotent derications. 
Proqf: The proof proceeds in two steps, the first of which is to prove 
that the characteristic poiynomial of a derivation D has the form D” + rD. 
This follows from a brief argument if the characteristic roots of D are 
distinct, as we shall see below. We get around this obstacle in the time 
honored way by looking first at a generic derivation. 
Extend the base field to k[y,, . . . . JV,], where the yi’s are independent 
indeterminates, and then to L, the algebraic closure of this field. Let B be 
the algebra obtained from A by extending the base field from k to L. 
A derivation on B is free to take any value on s. Thus 
defines a derivation of B. If E has a repeated characteristic root then, by 
specialization, the same is true for any derivation of A. However, the 
derivation of A sending ,Y into .Y has characteristic roots 0, 1, ~..,p - 1. 
Therefore the characteristic roots of E are distinct. It follows that the 
characteristic vectors of E span B. There must be at least one characteristic 
vector carrying a nonzero coefficient of X. Write z for such a characteristic 
vector. Then z can replace x as a generator of B; it will not necessarily be 
the case that ? = 0 but zp will be a scalar. Write Ez = SZ. Then 
Ezi = iz’- 1 . ,$ = siri (i= 1. . . . . p- 1). 
Next Epz’=spipzi= spizi. Thus Ep-sp-lE=O. This says that the coef- 
ficients of the characteristic polynomial of E all vanish except for the linear 
term. This is a statement that certain polynomials in the J’S vanish, an 
assertion that is preserved under specialization. Hence any derivation D 
of the algebra A has a characteristic polynomial of the form Dp + rD, as 
asserted above. 
We turn to the task of counting the nilpotent derivations of A. F-or this 
we shall use the customary basis of the Witt algebra (in the version that fits 
the choice *yyp = 0). Let D, be the derivation sending s into xi+ ’ (t = - 1. 
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0, .I.> p - 2). Thus D _ 1 sends x into I, B, se 
into xpp I. The general derivation of A has t 
F=a~lD-lfaoDo% ... +a,-.,D,-,. 
elative to the basis 1, x, . . . . xp- ‘, the matrix of F is 
0 0 0 ‘.’ 0 
a-1 a0 a1 ... a p-3 
8 2ap, 2a, ... 2a p-4 
. . 
0 0 0 .” (p-f)tL, (p-Ija, 
For visual clarity I exhibit this matrix for p = 5, replacing a ..!, .-.9 a3 by 
a, A, c, d, e: 
0 0 0 0 
ab c e 
F= 0 2a 2b 2c 2d 
0 32 3b 3c 
0 0 0 4a 4b 
f course, the proof that follows is general. e showed above t 
characteristic polynomial of F has the form Fs + YF, and evi 
lower right 4 by 4 determinant 
b c d e 
2a 2b 2r 2d 
r= 
0 3a 30 3c 
0 0 4a 4h 
The condition for F to be nilpotent is Y = 0. e distinguish two cases. 
Case 1. a = 0. Then b = 0. The elements c, d, and e are at liberty and 
there are q choices for each, for a total of q3(qp mm2 for general p). 
Case %I. a # 0. There is just one term involving e an it carries the non- 
zero coefficient 2a ‘3~ n 4a. In making Y vanish t re are q3 ck&ces for b, c: 
and d, q - 1 choices for a, and then e is deter ned. The eo~tri~~ti~~ is 
thus q3fq - I) (or qpp2(q- I) for general p). 
he grand total is q3 + q3(q - 1) = q4. For general p one gets 
*$qP-*(q-l)=qP--l. With this the proof of the theorem has 
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3. JORDAN ALGEBRAS 
Usually, when something works for Lie algebras something very similar 
is valid for Jordan algebras. However, I gave up when I found that the 
number of symmetric nilpotent 3 by 3 matrices over the field of q elements 
is q3 + q2 - q. Maybe some reader will see where to go from there. 
4. ANOTHER PROOF OF THE FINE-HERSTEIN THEOREM 
To the four proofs already in the literature I add a fifth, but 1 shall 
present only a sketch. 
I set out to give an inductive proof in as brutally direct a fashion as I 
could conceive. Let T be a nilpotent linear transformation on an n-dimen- 
sional vector space. Pick a vector annihilated by T for the last basis vector. 
Then in the matrix representing T the last row is 0. The upper left (n - 1) 
by (n - 1) corner is nilpotent and a count of these is known by induction. 
The N - 1 remaining entries in the last column are at liberty. The difficulty 
is that if the null space of T has dimension two or more we will have 
counted T many times. This calls for the familiar inclusionexclusion 
process and I was led to the identity 
.co (- l)‘q”‘- lV2 F(n, Y) = 0, 
where F(n, Y) is the number of r-dimensional subspaces of an n-dimensional 
vector space over the field of q elements. Later I found this identity in the 
literature, as a lemma in the solution to a Monthly problem [3]. With this 
identity in hand, the details are quite routine. 
5. EPILOGUE 
This is how the paper stood till I got the referee’s report, which con- 
tained a better proof of the theorem. I am letting my proof stand since the 
special form of the characteristic polynomials of the derivations may have 
some separate interest. 
Here is the referee’s proof. There are qp -’ nilpotent derivations with DX 
nilpotent; this is the case a = 0 above. Let D be a nilpotent derivation with 
Dx non-nilpotent. Take Dp-2xp-1 and let y be the result of deleting its 
constant term and normalizing its coefficient of x to be 1. Since D’y = 0 
and D has rank p - 1, one sees that Dy is a constant, necessarily nonzero. 
NILPOTENT ELEMENTS IN LIE ALGEBRAS 471 
There is one-to-one correspondence between these 
y, DY” e have qp-2 choices for y and q - 1 
qpe. 2(q - 1) choices for the pair. Just as above, 
qp-‘(q- 1) to gel qpwl. 
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